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We consider probe p-branes and Dp-branes dynamics in D-dimensional string theory back-
grounds of general type. Unified description for the tensile and tensionless branes is used. We
obtain exact solutions of their equations of motion and constraints in static gauge as well as
in more general gauges. Their dynamics in the whole space-time is also analyzed and exact
solutions are found.
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1 Introduction
The probe branes approach for studying issues in the string/M-theory uses an approximation, in
which one neglects the back-reaction of the branes on the background. In this sense, the probe
branes are multidimensional dynamical systems, evolving in given, variable in general, external
fields.
The probe branes method is widely used in the string/M-theory to investigate many different
problems at a classical, semiclassical and quantum levels. The literature in this field of research
can be conditionally divided into several parts. One of them is devoted to the properties of
the probe branes themselves, e.g., [1]-[29]. The subject of another part of the papers is to
probe the geometries of the string/M-theory backgrounds, e.g., [30]-[42]. One another part can
be described as connected with the investigation of the correspondence between the string/M-
theory geometries and their field theory duals, e.g., [43]-[59]. Let us also mention the application
of the probe branes technique in the ’Mirage cosmology’- approach to the brane world scenario,
e.g., [60]-[70].
In view of the wide implementation of the probe branes as a tool for investigation of different
problems in the string/M-theory, it will be useful to have a method describing their dynamics,
which is general enough to include as many cases of interest as possible, and on the other hand,
to give the possibility for obtaining explicit exact solutions.
In this article, we propose such an approach, which is appropriate for p-branes and Dp-branes,
for arbitrary worldvolume and space-time dimensions, for tensile and tensionless branes, for
different variable background fields with minimal restrictions on them, and finally, for different
space-time and worldvolume gauges (embeddings).
The paper is organized as follows. In Section 2, we perform an analysis in order to choose
the brane actions, which are most appropriate for our purposes - do not contain square roots,
generate only independent constraints and give a unified description for tensile and tensionless
branes. In Section 3, we formulate the conditions, under which the probe branes dynamics
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reduces to a particle-like one. Then, we investigate the reduced dynamics for three different
types of brane embeddings, starting with the usually used static gauge one. In the last part of
this section, we find explicit exact solutions of the branes equations of motion. In Section 4, we
discuss the obtained results.
2 Actions
Before considering the problem for obtaining exact brane solutions in general string theory
backgrounds, it will be useful first to choose appropriate actions, which will facilitate our task.
Generally speaking, there are two types of brane actions - with and without square roots 1. The
former ones are not well suited to our purposes, because the square root introduces additional
nonlinearities in the equations of motion. Nevertheless, they have been used when searching for
exact brane solutions in fixed backgrounds, because there are no constraints in the Lagrangian
description and one has to solve only the equations of motion. The other type of actions contain
additional worldvolume fields (Lagrange multipliers). Varying with respect to them, one obtains
constraints, which, in general, are not independent. Starting with an action without square root,
one escapes the nonlinearities connected with the square root, but has to solve the equations of
motion and the (dependent) constraints.
Independently of their type, all actions proportional to the brane tension cannot describe
the tensionless branes. The latter appear in many important cases in the string theory, and it
is preferable to have a unified description for tensile and tensionless branes.
Our aim in this section is to find brane actions, which do not contain square roots, generate
only independent constraints and give a unified description for tensile and tensionless branes.
2.1 P -brane actions
The Polyakov type action for the bosonic p-brane in a D-dimensional curved space-time with
metric tensor gMN (x), interacting with a background (p+1)-form gauge field bp+1 via Wess-
Zumino term, can be written as
SPp = −
∫
dp+1ξ
{Tp
2
√−γ
[
γmn∂mX
M∂nX
NgMN (X)− (p− 1)
]
(2.1)
− Qp ε
m1...mp+1
(p+ 1)!
∂m1X
M1 . . . ∂mp+1X
Mp+1bM1...Mp+1(X)
}
,
∂m = ∂/∂ξ
m, m, n = 0, 1, . . . , p; M,N = 0, 1, . . . ,D − 1,
where γ is the determinant of the auxiliary worldvolume metric γmn, and γ
mn is its inverse. The
position of the brane in the background space-time is given by xM = XM (ξm), and Tp, Qp are
the p-brane tension and charge, respectively. If we consider the action (2.1) as a bosonic part
of a supersymmetric one, we have to set Qp = ±Tp. In what follows, Qp = Tp.
The requirement that the variation of the action (2.1) with respect to γmn vanishes, leads to(
γklγmn − 2γkmγln
)
Gmn = (p− 1)γkl, (2.2)
where Gmn = ∂mX
M∂nX
NgMN (X) is the metric induced on the p-brane worldvolume. Taking
the trace of the above equality, one obtains
γmnGmn = p+ 1,
1Examples of these two type of actions are the Nambu-Goto and Polyakov actions for the string.
2
i.e., γmn is the inverse of Gmn: γ
mn = Gmn. If one inserts this back into (2.1), the result will
be the corresponding Nambu-Goto type action (G ≡ det(Gmn)):
SNGp =
∫
dp+1ξLNG (2.3)
= −Tp
∫
dp+1ξ
[√
−G− ε
m1...mp+1
(p + 1)!
∂m1X
M1 . . . ∂mp+1X
Mp+1bM1...Mp+1(X)
]
.
This means that the two actions, (2.1) and (2.3), are classically equivalent.
As already discussed, the action (2.3) contains a square root, the constraints (2.2), following
from (2.1), are not independent and none of these actions is appropriate for description of the
tensionless branes. To find an action of the type we are looking for, we first compute the explicit
expressions for the generalized momenta, following from (2.3):
PM (ξ) = −Tp
(√−GG0n∂nXNgMN − ∂1XM1 . . . ∂pXMpbMM1...Mp) .
It can be checked that PM (ξ) satisfy the constraints
C0 ≡ gMNPMPN − 2TpgMNDM1...pPN + T 2p
[
GG00 + (−1)pD1...pMgMNDN1...p
]
= 0,
Ci ≡ PM∂iXM = 0, (i = 1, . . . , p),
where we have introduced the notation
DM1...p ≡ bMM1...Mp∂1XM1 . . . ∂pXMp .
Let us now find the canonical Hamiltonian for this dynamical system. The result is:
Hcanon =
∫
dpξ
(
PM∂0X
M − LNG
)
= 0.
Therefore, according to Dirac [71], we have to take as a Hamiltonian the linear combination of
the first class primary constraints Cn: 2
H =
∫
dpξH =
∫
dpξ
(
λ0C0 + λiCi
)
.
The corresponding Hamiltonian equations of motion for XM are(
∂0 − λi∂i
)
XM = 2λ0gMN (PN − TpDN1...p) ,
from where one obtains the explicit expressions for PM
PM =
1
2λ0
gMN
(
∂0 − λj∂j
)
XN + TpDM1...p. (2.4)
With the help of (2.4), one arrives at the following configuration space action
Sp =
∫
dp+1ξLp =
∫
dp+1ξ
(
PM∂0X
M −H
)
(2.5)
=
∫
dp+1ξ
{ 1
4λ0
[
gMN (X)
(
∂0 − λi∂i
)
XM
(
∂0 − λj∂j
)
XN −
(
2λ0Tp
)2
GG00
]
+ TpbM0...Mp(X)∂0X
M0 . . . ∂pX
Mp
}
=
∫
dp+1ξ
{ 1
4λ0
[
G00 − 2λjG0j + λiλjGij −
(
2λ0Tp
)2
GG00
]
+ TpbM0...Mp(X)∂0X
M0 . . . ∂pX
Mp
}
,
2In the case under consideration, secondary constraints do not appear. The first class property of Cn follows
from their Poisson bracket algebra.
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which does not contain square root, generates the independent (p + 1) constraints, as we will
show below, and in which the limit Tp → 0 may be taken. For other actions, allowing for unified
description of tensile and tensionless p-branes, see [72] - [74].
It can be proven that this action is classically equivalent to the previous two actions. It is
enough to show that (2.3) and (2.5) are equivalent, because we already saw that this is true for
(2.1) and (2.3).
Varying the action Sp with respect to Lagrange multipliers λ
m and requiring these variations
to vanish, one obtains the constraints
G00 − 2λjG0j + λiλjGij +
(
2λ0Tp
)2
GG00 = 0, (2.6)
G0j − λiGij = 0. (2.7)
By using them, the Lagrangian density Lp from (2.5) can be rewritten in the form
Lp = −Tp
√
−GG00
[
G00 −G0i (G−1)ij Gj0
]
+ TpbM0...Mp(X)∂0X
M0 . . . ∂pX
Mp . (2.8)
Now, applying the equalities
GG00 = det (Gij) ≡G, G =
[
G00 −G0i
(
G−1
)ij
Gj0
]
G, (2.9)
one finds that
G00
[
G00 −G0i
(
G−1
)ij
Gj0
]
= 1.
Inserting this in (2.8), one obtains the Nambu-Goto type Lagrangian density LNG from (2.3).
Thus, the classical equivalence of the actions (2.3) and (2.5) is established.
We will work further in the gauge λm = constants, in which the equations of motion for
XM , following from (2.5), are given by
gLN
[(
∂0 − λi∂i
)(
∂0 − λj∂j
)
XN −
(
2λ0Tp
)2
∂i
(
GGij∂jX
N
)]
(2.10)
+ΓL,MN
[(
∂0 − λi∂i
)
XM
(
∂0 − λj∂j
)
XN −
(
2λ0Tp
)2
GGij∂iX
M∂jX
N
]
= 2λ0TpH
b
LM0...Mp∂0X
M0 . . . ∂pX
Mp ,
where G is defined in (2.9),
ΓL,MN = gLKΓ
K
MN =
1
2
(∂MgNL + ∂NgML − ∂LgMN )
are the components of the symmetric connection compatible with the metric gMN and H
b
p+2 =
dbp+1 is the field strength of the (p+ 1)-form gauge potential bp+1.
2.2 Dp-brane actions
The Dirac-Born-Infeld type action for the bosonic part of the super- Dp-brane in aD-dimensional
space-time with metric tensor gMN (x), interacting with a background (p+1)-form Ramond-
Ramond gauge field cp+1 via Wess-Zumino term, can be written as
SDBI = −TDp
∫
dp+1ξ
{
e−a(p,D)Φ
√
− det (Gmn +Bmn + 2piα′Fmn) (2.11)
− ε
m1...mp+1
(p+ 1)!
∂m1X
M1 . . . ∂mp+1X
Mp+1cM1...Mp+1
}
.
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TDP=(2pi)
−(p−1)/2g−1s Tp is the D-brane tension, gs = exp〈Φ〉 is the string coupling expressed
by the dilaton vacuum expectation value 〈Φ〉 and 2piα′ is the inverse string tension. Gmn =
∂mX
M∂nX
NgMN (X), Bmn = ∂mX
M∂nX
N bMN (X) and Φ(X) are the pullbacks of the back-
ground metric, antisymmetric tensor and dilaton to the Dp-brane worldvolume, while Fmn(ξ) is
the field strength of the worldvolume U(1) gauge field Am(ξ): Fmn = 2∂[mAn]. The parameter
a(p,D) depends on the brane and space-time dimensions p and D, respectively.
A Dp-brane action, which generalizes the Polyakov type p-brane action, has been introduced
in [75]. Namely, the action, classically equivalent to (2.11), is given by
SAZH = −TDp
2
∫
dp+1ξ
{
e−a(p,D)Φ
√
−K [Kmn (Gmn +Bmn + 2piα′Fmn)− (p− 1)]
− 2ε
m1...mp+1
(p+ 1)!
∂m1X
M1 . . . ∂mp+1X
Mp+1cM1...Mp+1
}
,
where K is the determinant of the matrix Kmn, Kmn is its inverse, and these matrices have
symmetric as well as antisymmetric part
Kmn = K(mn) +K[mn],
where the symmetric part K(mn) is the analogue of the auxiliary metric γmn in the p-brane
action (2.1).
Again, none of these actions satisfy all our requirements. In the same way as in the p-brane
case, just considered, one can prove that the action
SDp =
∫
dp+1ξLDp =
∫
dp+1ξ
e−aΦ
4λ0
[
G00 − 2λiG0i +
(
λiλj − κiκj
)
Gij (2.12)
−
(
2λ0TDp
)2
G+ 2κi
(
F0i − λjFji
)
+ 4λ0TDpe
aΦcM0...Mp∂0X
M0 . . . ∂pX
Mp
]
,
Fmn = Bmn + 2piα′Fmn,
which possesses the necessary properties, is classically equivalent to the action (2.11). Here
additional Lagrange multipliers κi are introduced, in order to linearize the quadratic term
(
F0i − λkFki
) (
G−1
)ij (F0j − λlFlj)
arising in the action. For other actions of this type, see [76] - [78].
Varying the action SDp with respect to Lagrange multipliers λ
m, κi, and requiring these
variations to vanish, one obtains the constraints
G00 − 2λjG0j +
(
λiλj − κiκj
)
Gij +
(
2λ0TDp
)2
G+ 2κi
(
F0i − λjFji
)
= 0, (2.13)
G0j − λiGij = κiFij (2.14)
F0j − λiFij = κiGij . (2.15)
Instead with the constraint (2.13), we will work with the simpler one
G00 − 2λjG0j +
(
λiλj + κiκj
)
Gij +
(
2λ0TDp
)2
G = 0, (2.16)
which is obtained by inserting (2.15) into (2.13).
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We will use the gauge (λm, κi) = constants and for simplicity, we will restrict our consid-
erations to constant dilaton Φ = Φ0 and constant electro-magnetic field Fmn = F
o
mn on the
Dp-brane worldvolume. In this case, the equations of motion for XM , following from (2.12), are
gLN
[(
∂0 − λi∂i
) (
∂0 − λj∂j
)
XN −
(
2λ0TDp
)2
∂i
(
GGij∂jX
N
)
− κiκj∂i∂jXN
]
+ΓL,MN
[(
∂0 − λi∂i
)
XM
(
∂0 − λj∂j
)
XN
−
(
2λ0TDp
)2
GGij∂iX
M∂jX
N − κiκj∂iXM∂jXN
]
(2.17)
= 2λ0TDpe
aΦ0HcLM0...Mp∂0X
M0 . . . ∂pX
Mp +HLMNκ
j
(
∂0 − λi∂i
)
XM∂jX
N ,
where Hcp+2 = dcp+1 and H3 = db2 are the corresponding field strengths.
3 Exact solutions in general backgrounds
The main idea in the mostly used approach for obtaining exact solutions of the probe branes
equations of motion in variable external fields is to reduce the problem to a particle-like one,
and even more - to solving one dimensional dynamical problem, if possible. To achieve this, one
must get rid of the dependence on the spatial worldvolume coordinates ξi. To this end, since
the brane actions contain the first derivatives ∂iX
M , the brane coordinates XM (ξm) have to
depend on ξi at most linearly:
XM (ξ0, ξi) = ΛMi ξ
i + YM (ξ0), ΛMi are arbitrary constants. (3.1)
Besides, the background fields entering the action depend implicitly on ξi through their depen-
dence on XM . If we choose ΛMi = 0 in (3.1), the connection with the p-brane setting will be
lost. If we suppose that the background fields do not depend on XM , the result will be constant
background, which is not interesting in the case under consideration. The compromise is to ac-
cept that the external fields depend only on part of the coordinates, say Xa, and to set namely
for this coordinates Λai = 0. In other words, we propose the ansatz (X
M = (Xµ,Xa)):
Xµ(ξ0, ξi) = Λµj ξ
j + Y µ(ξ0), Xa(ξ0, ξi) = Y a(ξ0), (3.2)
∂µgMN = 0, ∂µbMN = 0, ∂µbM0...Mp = 0, ∂µcM0...Mp = 0. (3.3)
The resulting reduced Lagrangian density will depend only on ξ0 = τ if the Lagrange multipliers
λm, κi do not depend on ξi. Actually, this property follows from their equations of motion, from
where they can be expressed through quantities depending only on the temporal worldvolume
parameter τ .
Thus, we have obtained the general conditions, under which the probe branes dynamics
reduces to the particle-like one. However, we will not start our considerations relaying on the
generic ansatz (3.2). Instead, we will begin in the framework of the commonly used in ten space-
time dimensions static gauge: Xm(ξn) = ξm. The latter is a particular case of (3.2), obtained
under the following restrictions:
(1):µ = i = 1, . . . , p; (2):Λµj = Λ
i
j = δ
i
j ; (3.4)
(3):Y µ(τ) = Y i(τ) = 0; (4):Y 0(τ) = τ ∈ {Y a}.
Therefore, the static gauge is appropriate for backgrounds which may depend on X0 = Y 0(τ),
but must be independent on Xi, (i = 1, . . . p). Such properties are not satisfactory in the lower
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dimensions. For instance, in four dimensional black hole backgrounds, the metric depends on
X1, X2 and the static gauge ansatz does not work. That is why, our next step is to consider
the probe branes dynamics in the framework of the ansatz
Xµ(τ, ξi) = Λµmξ
m = Λµ0τ + Λ
µ
i ξ
i, Xa(τ, ξi) = Y a(τ), (3.5)
which is obtained from (3.2) under the restriction Y µ(τ) = Λµ0τ . Here, for the sake of symmetry
between the worldvolume coordinates ξ0 = τ and ξi, we have included in Xµ a term linear in τ .
At any time, one can put Λµ0 = 0 and the corresponding terms in the formulas will disappear.
Further, we will refer to the ansatz (3.5) as linear gauges, as far as Xµ are linear combinations
of ξm with arbitrary constant coefficients.
Finally, we will investigate the classical branes dynamics by using the general ansatz (3.2),
rewritten in the form
Xµ(τ, ξi) = Λµ0τ + Λ
µ
i ξ
i + Y µ(τ), Xa(τ, ξi) = Y a(τ). (3.6)
Compared with (3.2), here we have separated the linear part of Y µ as in the previous ansatz
(3.5). This will allow us to compare the role of the term Λµ0τ in these two cases.
3.1 Static gauge dynamics
Here we begin our analysis of the probe branes dynamics in the framework of the static gauge
ansatz. In order not to introduce too many type of indices, we will denote with Y a, Y b, etc.,
the coordinates, which are not fixed by the gauge. However, one have not to forget that by
definition, Y a are the coordinates on which the background fields can depend. In static gauge,
according to (3.4), one of this coordinates, the temporal one Y 0(τ), is fixed to coincide with
τ . Therefore, in this gauge, the remaining coordinates Y a are spatial ones in space-times with
signature (−,+, . . . ,+).
3.1.1 Probe p-branes
In static gauge, and under the conditions (3.3), the action (2.5) reduces to (the over-dot is used
for d/dτ)
SSGp =
∫
dτLSGp (τ), Vp =
∫
dpξ, (3.7)
LSGp (τ) =
Vp
4λ0
{
gab(Y
a) ˙Y aY˙ b + 2
[
g0a(Y
a)− λigia(Y a) + 2λ0Tpba1...p(Y a)
]
Y˙ a
+g00(Y
a)− 2λig0i(Y a) + λiλjgij(Y a)−
(
2λ0Tp
)2
det(gij(Y
a)) + 4λ0Tpb01...p(Y
a)
}
.
To have finite action, we require the fraction Vp/λ
0 to be finite one. For example, in the string
case (p = 1) and in conformal gauge (λ1 = 0,
(
2λ0T1
)2
= 1), this means that the quantity
V1/α
′ = 2piV1T1 must be finite.
The constraints derived from the action (3.7) are:
gab ˙Y aY˙ b + 2
(
g0a − λigia
)
˙Y a + g00 − 2λig0i + λiλjgij +
(
2λ0Tp
)2
det(gij) = 0, (3.8)
giaY˙ a + gi0 − gijλj = 0. (3.9)
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The Lagrangian LSGp does not depend on τ explicitly, so the energy Ep = p
SG
a Y˙
a − LSGp is
conserved:
gab ˙Y aY˙ b − g00 + 2λig0i − λiλjgij +
(
2λ0Tp
)2
det(gij)− 4λ0Tpb01...p = 4λ
0Ep
Vp
= constant.
With the help of the constraints, we can replace this equality by the following one
g0aY˙ a + g00 − λigi0 + 2λ0Tpb01...p = −2λ
0Ep
Vp
. (3.10)
To clarify the physical meaning of the equalities (3.9) and (3.10), we compute the momenta
(2.4) in static gauge
2λ0PSGM = gMaY˙
a + gM0 − λigMi + 2λ0TpbM1...p. (3.11)
The comparison of (3.11) with (3.10) and (3.9) shows that PSG0 = −Ep/Vp = const and PSGi =
const = 0. Inserting these conserved momenta into (3.8), we obtain the effective constraint
gab ˙Y aY˙ b = US , (3.12)
where
US = −
(
2λ0Tp
)2
det(gij) + g00 − 2λig0i + λiλjgij + 4λ0 (Tpb01...p + Ep/Vp) .
In the gauge λm = constants, the equations of motion following from SSGp (or from (2.10)
after imposing the static gauge) take the form:
gabY¨ b + Γa,bcY˙ bY˙ c =
1
2
∂aUS + 2∂[aASb]Y˙ b, (3.13)
where
ASa = ga0 − λigai + 2λ0Tpba1...p.
Thus, in general, the time evolution of the reduced dynamical system does not correspond to
a geodesic motion. The deviation from the geodesic trajectory is due to the appearance of the
effective scalar potential US and of the field strength 2∂[aASb] of the effective U(1)-gauge potential
ASa . In addition, our dynamical system is subject to the effective constraint (3.12).
3.1.2 Probe Dp-branes
In static gauge, and for background fields independent of the coordinates Xi (conditions(3.3)),
the reduced Lagrangian, obtained from (2.12), is given by
LSGDp(τ) =
VDpe
−aΦ0
4λ0
[
gab ˙Y aY˙ b + g00 − 2λig0i +
(
λiλj − κiκj
)
gij
+ 2
(
g0a − λigia + 2λ0TDpeaΦ0ca1...p + κibai
)
˙Y a
−
(
2λ0TDp
)2
det(gij) + 4λ
0TDpe
aΦ0c01...p
+ 2κi
(
b0i − λjbji
)
+ 4piα′κi
(
F o0i − λjF oji
)]
.
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As we already mentioned at the end of Section 2, we restrict our considerations to the case of
constant dilaton Φ = Φ0 and constant electro-magnetic field F
o
mn on the Dp-brane worldvolume.
Now, the constraints (2.16), (2.14) and (2.15) take the form
gab ˙Y aY˙ b + 2
(
g0a − λigia
)
˙Y a + g00 − 2λig0i (3.14)
+
(
λiλj + κiκj
)
gij +
(
2λ0TDp
)2
det(gij) = 0,
gja ˙Y a + g0j − λigij − κibij = 2piα′κiF oij (3.15)
baj ˙Y a + b0j − λibij − κigij = −2piα′
(
F o0j − λiF oij
)
.
The reduced Lagrangian LSGDp does not depend on τ explicitly. As a consequence, the energy
EDp is conserved:
gab ˙Y aY˙ b − g00 + 2λig0i −
(
λiλj − κiκj
)
gij +
(
2λ0TDp
)2
det(gij)− 4λ0TDpeaΦ0c01...p
−2κi
(
b0i − λjbji
)
− 4piα′κi
(
F o0i − λjF oji
)
=
4λ0EDp
VDp
eaΦ0 = constant.
By using the constraints (3.14) and (3.15), the above equality can be replaced by the following
one
g0aY˙ a + g00 − λigi0 + 2λ0TDpeaΦ0c01...p + κi
(
b0i + 2piα
′F o0i
)
= −2λ
0EDp
VDp
eaΦ0 . (3.16)
Now, we compute the momenta, obtained from the initial action (2.12), in static gauge
2λ0eaΦ0PSGM = gMaY˙
a + gM0 − λjgMj + 2λ0TDpeaΦ0cM1...p + κjbMj. (3.17)
Comparing (3.17) with (3.16) and (3.15), one finds that
PSG0 = −
(
EDp
VDp
+
piα′
λ0
e−aΦ0κjF o0j
)
= constant,
PSGi = −
piα′
λ0
e−aΦ0κjF oij = constants.
As in the p-brane case, not only the energy, but also the spatial components of the momenta
PSGi , along the X
i coordinates, are conserved. In the Dp-brane case however, PSGi are not
identically zero due the existence of a constant worldvolume magnetic field F oij .
Inserting (3.15) and (3.16) into (3.14), one obtains the effective constraint
gab ˙Y aY˙ b = UDS , (3.18)
where
UDS = −
(
2λ0TDp
)2
det(gij) + g00 − 2λig0i +
(
λiλj − κiκj
)
gij
+4λ0eaΦ0
(
TDpc01...p +
EDp
VDp
)
+ 2κi
(
b0i − λjbji
)
+ 4piα′κi
(
F o0i − λjF oji
)
.
In the gauge (λm, κi) = constants, the equations of motion following from LSGDp (or from
(2.17) after using the static gauge ansatz) take the form:
gabY¨ b + Γa,bcY˙ bY˙ c =
1
2
∂aUDS + 2∂[aADSb] Y˙ b, (3.19)
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where
ADSa = ga0 − λigai + 2λ0TDpeaΦ0ca1...p + κibai.
It is obvious that the equations of motion (3.13), (3.19) and the effective constraints (3.12),
(3.18) have the same form for p-branes and for Dp-branes. The difference is in the explicit
expressions for the effective scalar and 1-form gauge potentials.
3.2 Branes dynamics in linear gauges
Now we will repeat our analysis of the probe branes dynamics in the framework of the more
general linear gauges, given by the ansatz (3.5). The static gauge is a particular case of the
linear gauges, corresponding to the following restrictions:
(1):µ = i = 1, . . . , p; (2):Λµ0 = Λ
i
0 = 0;
(3):Λµj = Λ
i
j = δ
i
j ; (4):Y
0(τ) = τ ∈ {Y a}.
3.2.1 Probe p-branes
In linear gauges, and under the conditions (3.3), one obtains the following reduced Lagrangian,
arising from the action (2.5)
LLGp (τ) =
Vp
4λ0
{
gab ˙Y aY˙ b + 2
[(
Λµ0 − λiΛµi
)
gµa + 2λ
0TpBa1...p
]
Y˙ a (3.20)
+
(
Λµ0 − λiΛµi
) (
Λν0 − λjΛνj
)
gµν −
(
2λ0Tp
)2
det(Λµi Λ
ν
j gµν)
+4λ0TpΛ
µ
0Bµ1...p
}
, BM1...p ≡ bMµ1...µpΛµ11 . . .Λµpp .
The constraints derived from the Lagrangian (3.20) are:
gabY˙ aY˙ b + 2
(
Λµ0 − λiΛµi
)
gµaY˙ a +
(
Λµ0 − λiΛµi
)
(3.21)
×
(
Λν0 − λjΛνj
)
gµν +
(
2λ0Tp
)2
det(Λµi Λ
ν
j gµν) = 0,
Λµi
[
gµa ˙Y a +
(
Λν0 − λjΛνj
)
gµν
]
= 0. (3.22)
The Lagrangian LLGp does not depend on τ explicitly, so the energy Ep = p
LG
a Y˙
a − LLGp is
conserved:
gabY˙ aY˙ b −
(
Λµ0 − λiΛµi
) (
Λν0 − λjΛνj
)
gµν +
(
2λ0Tp
)2
det(Λµi Λ
ν
j gµν)
−4λ0TpΛµ0Bµ1...p =
4λ0Ep
Vp
= constant.
With the help of the constraints (3.21) and (3.22), one can replace this equality by the following
one
Λµ0
[
gµa ˙Y a +
(
Λν0 − λjΛνj
)
gµν + 2λ
0TpBµ1...p
]
= −2λ
0Ep
Vp
. (3.23)
In linear gauges, the momenta (2.4) take the form
2λ0PLGM = gMaY˙
a +
(
Λν0 − λjΛνj
)
gMν + 2λ
0TpBM1...p. (3.24)
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The comparison of (3.24) with (3.23) and (3.22) gives
Λµ0P
LG
µ = −
Ep
Vp
= constant, Λµi P
LG
µ = constants = 0.
Therefore, in the linear gauges, the projections of the momenta PLGµ onto Λ
µ
n are conserved.
Moreover, as far as the Lagrangian (3.20) does not depend on the coordinates Xµ, the corre-
sponding conjugated momenta PLGµ are also conserved.
Inserting (3.23) and (3.22) into (3.21), we obtain the effective constraint
gab ˙Y aY˙ b = UL,
where the effective scalar potential is given by
UL = −
(
2λ0Tp
)2
det(Λµi Λ
ν
j gµν) +
(
Λµ0 − λiΛµi
) (
Λν0 − λjΛνj
)
gµν
+4λ0
(
TpΛ
µ
0Bµ1...p +
Ep
Vp
)
.
In the gauge λm = constants, the equations of motion following from LLGp take the form:
gabY¨ b + Γa,bcY˙ bY˙ c =
1
2
∂aUL + 2∂[aALb]Y˙ b,
where
ALa =
(
Λµ0 − λiΛµi
)
gaµ + 2λ
0TpBa1...p,
is the effective 1-form gauge potential, generated by the non-diagonal components gaµ of the
background metric and by the components baµ1...µp of the background (p+ 1)-form gauge field.
3.2.2 Probe Dp-branes
In linear gauges, and for background fields independent of the coordinates Xµ (conditions(3.3)),
the reduced Lagrangian, obtained from (2.12), is given by
LLGDp (τ) =
VDpe
−aΦ0
4λ0
{
gab ˙Y aY˙ b +
[(
Λµ0 − λiΛµi
) (
Λν0 − λjΛνj
)
− κiκjΛµi Λνj
]
gµν
+ 2
[(
Λµ0 − λiΛµi
)
gµa + 2λ
0TDpe
aΦ0Ca1...p + κ
iΛµi baµ
]
Y˙ a
−
(
2λ0TDp
)2
det(Λµi Λ
ν
j gµν) + 4λ
0TDpe
aΦ0Λµ0Cµ1...p
− 2κiΛµi
(
Λν0 − λjΛνj
)
bµν + 4piα
′κi
(
F o0i − λjF oji
)}
,
where the following shorthand notation has been introduced
CM1...p ≡ cMµ1...µpΛµ11 . . .Λµpp .
Now, the constraints (2.16), (2.14), and (2.15) take the form
gab ˙Y aY˙ b + 2
(
Λµ0 − λiΛµi
)
gµaY˙ a +
(
2λ0TDp
)2
det(Λµi Λ
ν
j gµν) (3.25)
+
[(
Λµ0 − λiΛµi
)(
Λν0 − λjΛνj
)
+ κiκjΛµi Λ
ν
j
]
gµν = 0,
Λµi
[
gµaY˙ a +
(
Λν0 − λjΛνj
)
gµν + κ
jΛνj bµν
]
= 2piα′κjF oji (3.26)
Λµi
[
bµa ˙Y a +
(
Λν0 − λjΛνj
)
bµν + κ
jΛνj gµν
]
= 2piα′
(
F o0i − λjF oji
)
.
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The reduced Lagrangian LLGDp does not depend on τ explicitly. As a consequence, the energy
EDp is conserved:
gab ˙Y aY˙ b −
[(
Λµ0 − λiΛµi
)(
Λν0 − λjΛνj
)
− κiκjΛµi Λνj
]
gµν
+
(
2λ0TDp
)2
det(Λµi Λ
ν
j gµν)− 4λ0TDpeaΦ0Λµ0Cµ1...p
−2κiΛµi
(
Λν0 − λjΛνj
)
bµν − 4piα′κi
(
F o0i − λjF oji
)
=
4λ0EDp
VDp
eaΦ0 = constant.
By using the constraints (3.25) and (3.26), the above equality can be replaced by the following
one
Λµ0
[
gµaY˙ a +
(
Λν0 − λjΛνj
)
gµν + 2λ
0TDpe
aΦ0Cµ1...p + κ
jΛνj bµν
]
(3.27)
+2piα′κiF o0i = −
2λ0EDp
VDp
eaΦ0 .
In linear gauges, the momenta obtained from the initial action (2.12), are
2λ0eaΦ0PLGM = gMa ˙Y
a +
(
Λν0 − λjΛνj
)
gMν + 2λ
0TDpe
aΦ0CM1...p + κ
jΛνj bMν . (3.28)
Comparing (3.28) with (3.27) and (3.26), one finds that the following equalities hold
Λµ0P
LG
µ = −
(
EDp
VDp
+
piα′
λ0
e−aΦ0κjF o0j
)
= constant,
Λµi P
LG
µ = −
piα′
λ0
e−aΦ0κjF oij = constants.
They may be viewed as restrictions on the number of the arbitrary parameters, presented in the
theory.
As in the p-brane case, the momenta PLGµ are conserved quantities, due to the independence
of the Lagrangian on the coordinates Xµ.
Inserting (3.26) and (3.27) into (3.25), one obtains the effective constraint
gab ˙Y aY˙ b = UDL,
where
UDL =
[(
Λµ0 − λiΛµi
)(
Λν0 − λjΛνj
)
− κiκjΛµi Λνj
]
gµν
−
(
2λ0TDp
)2
det(Λµi Λ
ν
j gµν) + 4λ
0eaΦ0
(
TDpΛ
µ
0Cµ1...p +
EDp
VDp
)
+2κiΛµi
(
Λν0 − λjΛνj
)
bµν + 4piα
′κi
(
F o0i − λjF oji
)
.
In the gauge (λm, κi) = constants, the equations of motion following from LLGDp take the
form:
gabY¨ b + Γa,bcY˙ bY˙ c =
1
2
∂aUDL + 2∂[aADLb] Y˙ b,
where
ADLa =
(
Λµ0 − λiΛµi
)
gaµ + 2λ
0TDpe
aΦ0Ca1...p + κ
iΛµi baµ.
It is clear that the equations of motion and the effective constraints have the same form for
p-branes and for Dp-branes in linear gauges, as well as in static gauge. The only difference is in
the explicit expressions for the effective scalar and 1-form gauge potentials.
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3.3 Branes dynamics in the whole space-time
Working in static gaugeXm(ξn) = ξm, we actually imply that the probe branes have no dynamics
along the background coordinates xm. The (proper) time evolution is possible only in the
transverse directions, described by the coordinates xa.
Using the linear gauges, we have the possibility to place the probe branes in general position
with respect to the coordinates xµ, on which the background fields do not depend. However,
the real dynamics is again in the transverse directions only.
Actually, in the framework of our approach, the probe branes can have ’full’ dynamical
freedom only when the ansatz (3.6) is used, because only then all of the brane coordinates XM
are allowed to vary nonlinearly with the proper time τ . Therefore, with the help of (3.6), we
can probe the whole space-time.
We will use the superscript A to denote that the corresponding quantity is taken on the
ansatz (3.6). It is understood that the conditions (3.3) are also fulfilled.
3.3.1 Probe p-branes
Now, the reduced Lagrangian obtained from the action (2.5) is given by
LAp (τ) =
Vp
4λ0
{
gMN
˙YM ˙Y N + 2
[(
Λµ0 − λiΛµi
)
gµN + 2λ
0TpBN1...p
]
˙Y N
+
(
Λµ0 − λiΛµi
) (
Λν0 − λjΛνj
)
gµν −
(
2λ0Tp
)2
det(Λµi Λ
ν
j gµν)
+4λ0TpΛ
µ
0Bµ1...p
}
.
The constraints, derived from the above Lagrangian, are:
gMN
˙YM ˙Y N + 2
(
Λµ0 − λiΛµi
)
gµN
˙Y N +
(
Λµ0 − λiΛµi
)
(3.29)
×
(
Λν0 − λjΛνj
)
gµν +
(
2λ0Tp
)2
det(Λµi Λ
ν
j gµν) = 0,
Λµi
[
gµN
˙Y N +
(
Λν0 − λjΛνj
)
gµν
]
= 0. (3.30)
The corresponding momenta are (PM = P
A
M/Vp)
2λ0PM = gMN Y˙
N +
(
Λν0 − λjΛνj
)
gMν + 2λ
0TpBM1...p,
and part of them, Pµ, are conserved
gµN Y˙
N +
(
Λν0 − λjΛνj
)
gµν + 2λ
0TpBµ1...p = 2λ
0Pµ = constants, (3.31)
because LAp does not depend on X
µ. From (3.30) and (3.31), the compatibility conditions follow
Λµi Pµ = 0. (3.32)
We will regard on (3.32) as a solution of the constraints (3.30), which restricts the number of
the arbitrary parameters Λµi and Pµ. That is why from now on, we will deal only with the
constraint (3.29).
In the gauge λm = constants, the equations of motion for Y N , following from LAp , have the
form
gLN
¨Y N + ΓL,MN
˙YM ˙Y N =
1
2
∂LU in + 2∂[LAinN ] ˙Y N , (3.33)
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where
U in = −
(
2λ0Tp
)2
det(Λµi Λ
ν
j gµν) +
(
Λµ0 − λiΛµi
)(
Λν0 − λjΛνj
)
gµν
+4λ0TpΛ
µ
0Bµ1...p,
AinN =
(
Λµ0 − λiΛµi
)
gNµ + 2λ
0TpBN1...p.
Let us first consider this part of the equations of motion (3.33), which corresponds to L = λ. It
follows from (3.3) that the connection coefficients Γλ,MN , involved in these equations, are
Γλ,ab =
1
2
(∂agbλ + ∂bgaλ) , Γλ,µa =
1
2
∂agµλ, Γλ,µν = 0.
Inserting these expressions in the part of the differential equations (3.33) corresponding to L = λ
and using that g˙MN = Y˙
a∂agMN , B˙M1...p = Y˙
a∂aBM1...p, one receives
d
dτ
[
gµN Y˙
N +
(
Λν0 − λjΛνj
)
gµν + 2λ
0TpBµ1...p
]
= 0.
These equalities express the fact that the momenta Pµ are conserved (compare with (3.31)).
Therefore, we have to deal only with the other part of the equations of motion, corresponding
to L = a
gaN
¨Y N + Γa,MN
˙YM ˙Y N =
1
2
∂aU in + 2∂[aAinN ] ˙Y N . (3.34)
Our next task is to separate the variables ˙Y µ and Y˙ a in these equations and in the constraint
(3.29). To this end, we will use the conservation laws (3.31) to express ˙Y µ through Y˙ a. The
result is
˙Y µ =
(
g−1
)µν [
2λ0(Pν − TpBν1...p)− gνa ˙Y a
]
− (Λµ0 − λiΛµi ). (3.35)
We will need also the explicit expressions for the connection coefficients Γa,µb and Γa,µν , which
under the conditions (3.3) reduce to
Γa,µb = −1
2
(∂agbµ − ∂bgaµ) = −∂[agb]µ, Γa,µν = −
1
2
∂agµν . (3.36)
By using (3.35) and (3.36), after some calculations, one rewrites the equations of motion (3.34)
and the constraint (3.29) in the form
habY¨
b + Γha,bcY˙
bY˙ c =
1
2
∂aUA + 2∂[aAAb]Y˙ b, (3.37)
habY˙
aY˙ b = UA, (3.38)
where a new, effective metric appeared
hab = gab − gaµ(g−1)µνgνb.
Γha,bc is the connection compatible with this metric
Γha,bc =
1
2
(∂bhca + ∂chba − ∂ahbc) .
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The new, effective scalar and gauge potentials are given by
UA = −
(
2λ0Tp
)2
det(Λµi Λ
ν
j gµν)− (2λ0)2 (Pµ − TpBµ1...p)
(
g−1
)µν
(Pν − TpBν1...p) ,
AAa = 2λ0
[
gaµ
(
g−1
)µν
(Pν − TpBν1...p) + TpBa1...p
]
.
We note that Eqs. (3.37), (3.38), and therefore their solutions, do not depend on the parameters
Λµ0 and λ
i in contrast to the previously considered cases. However, they have the same form as
before.
3.3.2 Probe Dp-branes
The reduced Lagrangian, obtained from (2.12), is given by
LADp(τ) =
VDpe
−aΦ0
4λ0
{
gMN
˙YM ˙Y N +
[(
Λµ0 − λiΛµi
)(
Λν0 − λjΛνj
)
− κiκjΛµi Λνj
]
gµν
+ 2
[(
Λµ0 − λiΛµi
)
gµN + 2λ
0TDpe
aΦ0CN1...p + κ
iΛµi bNµ
]
˙Y N
−
(
2λ0TDp
)2
det(Λµi Λ
ν
j gµν) + 4λ
0TDpe
aΦ0Λµ0Cµ1...p
− 2κiΛµi
(
Λν0 − λjΛνj
)
bµν + 4piα
′κi
(
F o0i − λjF oji
)}
,
The constraints (2.16), (2.14), and (2.15) take the form
gMN
˙YM ˙Y N + 2
(
Λµ0 − λiΛµi
)
gµN
˙Y N +
(
2λ0TDp
)2
det(Λµi Λ
ν
j gµν) (3.39)
+
[(
Λµ0 − λiΛµi
) (
Λν0 − λjΛνj
)
+ κiκjΛµi Λ
ν
j
]
gµν = 0,
Λµi
[
gµN
˙Y N +
(
Λν0 − λjΛνj
)
gµν + κ
jΛνj bµν
]
= 2piα′κjF oji (3.40)
Λµi
[
bµN
˙Y N +
(
Λν0 − λjΛνj
)
bµν + κ
jΛνj gµν
]
= 2piα′
(
F o0i − λjF oji
)
. (3.41)
Because of the independence of LADp on X
µ, the momenta PDµ = P
DA
µ /VDp are conserved
2λ0eaΦ0PDµ = gµN
˙Y N +
(
Λν0 − λjΛνj
)
gµν + 2λ
0TDpe
aΦ0Cµ1...p + κ
jΛνj bµν = constants. (3.42)
From (3.40) and (3.42), one obtains the following compatibility conditions
Λµj P
D
µ =
piα′
λ0
e−aΦ0κiF oij ,
which we interpret as a solution of the constraints (3.40).
In the gauge (λm, κi) = constants, the equations of motion for Y N , following from LADp, take
the form
gLN
¨Y N + ΓL,MN
˙YM ˙Y N =
1
2
∂LUDin + 2∂[LADinN ] ˙Y N , (3.43)
where
UDin = −
(
2λ0Tp
)2
det(Λµi Λ
ν
j gµν) +
[(
Λµ0 − λiΛµi
) (
Λν0 − λjΛνj
)
− κiκjΛµi Λνj
]
gµν
+4λ0TDpe
aΦ0Λµ0Cµ1...p − 2κiΛµi
(
Λν0 − λjΛνj
)
bµν ,
ADinN =
(
Λν0 − λjΛνj
)
gNν + 2λ
0TDpe
aΦ0CN1...p + κ
jΛνj bNν .
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As in the p-brane case, this part of the equations of motion (3.43), which corresponds to L = λ,
expresses the conservation of the momenta PDµ , in accordance with (3.42). The remaining
equations of motion, which we have to deal with, are
gaN
¨Y N + Γa,MN
˙YM ˙Y N =
1
2
∂aUDin + 2∂[aADinN ] ˙Y N . (3.44)
To exclude the dependence on Y˙ µ in the Eqs. (3.44) and in the constraints (3.39), (3.41),
we use the conservation laws (3.42) to express ˙Y µ through ˙Y a:
˙Y µ =
(
g−1
)µν [
2λ0eaΦ0(PDν − TDpCν1...p)− gνa ˙Y a − κjΛρjbνρ
]
− (Λµ0 − λiΛµi ). (3.45)
By using (3.45) and (3.36), one can rewrite the equations of motion (3.44) and the constraint
(3.39) as
habY¨
b + Γha,bcY˙
bY˙ c =
1
2
∂aUDA + 2∂[aADAb] Y˙ b, (3.46)
habY˙
aY˙ b = UDA. (3.47)
Now, the effective scalar and 1-form gauge potentials are given by
UDA = −
(
2λ0Tp
)2
det(Λµi Λ
ν
j gµν)− κiκjΛµi Λνj gµν
−
[
2λ0eaΦ0(PDµ − TDpCµ1...p)− κiΛλi bµλ
] (
g−1
)µν
×
[
2λ0eaΦ0(PDν − TDpCν1...p)− κjΛρj bνρ
]
,
ADAa = gaµ
(
g−1
)µν [
2λ0eaΦ0(PDν − TDpCν1...p)− κjΛρjbνρ
]
+ 2λ0TDpe
aΦ0Ca1...p + κ
iΛµi baµ.
Eqs. (3.46), (3.47), have the same form as in static and linear gauges, but now they do not
depend on the parameters Λµ0 and λ
i. Another difference is the appearance of a new, effective
background metric hab and the corresponding connection Γ
h
a,bc.
In the D-brane case, we have another set of constraints (3.41), generated by the Lagrange
multipliers κi. With the help of (3.45), they acquire the form
{[
baν − gaρ
(
g−1
)ρµ
bµν
]
Y˙ a + bµν
(
g−1
)µρ [
2λ0eaΦ0(PDρ − TDpCρ1...p)− κjΛλj bρλ
]
−κiΛµi gµν
}
Λνj = −2piα′
(
F o0j − λiF oij
)
.
3.4 Explicit solutions of the equations of motion
All cases considered so far, have one common feature. The dynamics of the corresponding
reduced particle-like system is described by effective equations of motion and one effective con-
straint, which have the same form, independently of the ansatz used to reduce the p-branes or
Dp-branes dynamics. Our aim here is to find explicit exact solutions to them. 3 To be able to
describe all cases simultaneously, let us first introduce some general notations.
3The additional restrictions on the solutions, depending on the ansatz and on the type of the branes, will be
discussed in the next section.
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We will search for solutions of the following system of nonlinear differential equations
GabY¨ b + ΓGa,bcY˙ bY˙ c =
1
2
∂aU + 2∂[aAb]Y˙ b, (3.48)
GabY˙ aY˙ b = U , (3.49)
where Gab, ΓGa,bc, U , and Aa can be as follows
Gab = (gab, hab) , ΓGa,bc =
(
Γa,bc,Γ
h
a,bc
)
,
U =
(
US,UDS ,UL,UDL,UA,UDA
)
,
Aa =
(
ASa ,ADSa ,ALa ,ADLa ,AAa ,ADAa
)
,
depending on the ansatz and on the type of the brane (p-brane or Dp-brane).
Let us start with the simplest case, when the background fields depend on only one coordinate
Xa = Y a(τ). 4 In this case the Eqs. (3.48), (3.49) simplify to (da ≡ d/dY a)
d
dτ
(
GaaY˙ a
)
− 1
2
daGaa
(
Y˙ a
)2
=
1
2
daU , (3.50)
Gaa
(
Y˙ a
)2
= U , (3.51)
where we have used that
GabY¨ b + ΓGa,bcY˙ bY˙ c =
d
dτ
(
GabY˙ b
)
− 1
2
∂aGbcY˙ bY˙ c.
After multiplying with 2GaaY˙ a and after using the constraint (3.51), the Eq. (3.50) reduces to
d
dτ
[(
GaaY˙ a
)2 − GaaU
]
= 0. (3.52)
The solution of (3.52), compatible with (3.51), is just the constraint (3.51). In other words,
(3.51) is first integral of the equation of motion for the coordinate Y a. By integrating (3.51),
one obtains the following exact probe branes solution
τ (Xa) = τ0 ±
∫ Xa
Xa
0
( U
Gaa
)−1/2
dx, (3.53)
where τ0 and X
a
0 are arbitrary constants.
When one works in the framework of the general ansatz (3.6), one has to also write down
the solution for the remaining coordinates Xµ. It can be obtained as follows. One represents
Y˙ µ as
Y˙ µ =
dY µ
dY a
Y˙ a,
and use this and (3.51) in (3.35) for the p-brane, and in (3.45) for the Dp-brane. The result is a
system of ordinary differential equations of first order with separated variables, which integration
4An example of such background is the generalized Kasner type metric, arising in the superstring cosmology
[79] (see also [80], [81]).
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is straightforward. Replacing the obtained solution for Y µ(Xa) in the ansatz (3.6), one finally
arrives at
Xµ(Xa, ξi) = Xµ0 + Λ
µ
i
[
λiτ(Xa) + ξi
]
(3.54)
−
∫ Xa
Xa
0
(
g−1
)µν gνa ∓ 2λ0(Pν − TpBν1...p)
(
UA
haa
)−1/2 dx
for the p-brane case, and at
Xµ(Xa, ξi) = Xµ0 + Λ
µ
i
[
λiτ(Xa) + ξi
]
(3.55)
−
∫ Xa
Xa
0
(
g−1
)µν gνa ∓
[
2λ0eaΦ0(PDν − TDpCν1...p)− κjΛρjbνρ
] (UDA
haa
)−1/2
 dx
for the Dp-brane case correspondingly. In the above two exact branes solutions, Xµ0 are arbitrary
constants, and τ(Xa) is given in (3.53). We note that the comparison of the solutions Xµ(Xa, ξi)
with the initial ansatz (3.6) for Xµ shows, that the dependence on Λµ0 has disappeared. We will
comment on this later on.
Let us turn to the more complicated case, when the background fields depend on more than
one coordinate Xa = Y a(τ). We would like to apply the same procedure for solving the system
of differential equations (3.48), (3.49), as in the simplest case just considered. To be able to
do this, we need to suppose that the metric Gab is a diagonal one. Then one can rewrite the
effective equations of motion (3.48) and the effective constraint (3.49) in the form
d
dτ
(
GaaY˙ a
)2 − Y˙ a∂a (GaaU) (3.56)
+Y˙ a
∑
b6=a
[
∂a
(Gaa
Gbb
)(
GbbY˙ b
)2 − 4∂[aAb]GaaY˙ b
]
= 0,
Gaa
(
Y˙ a
)2
+
∑
b6=a
Gbb
(
Y˙ b
)2
= U . (3.57)
To find solutions of the above equations without choosing particular background, we fix all
coordinates Xa except one. Then the exact probe brane solution of the equations of motion is
given again by the same expression (3.53) for τ (Xa). In the case when one is using the general
ansatz (3.6), the solutions (3.54) and (3.55) still also hold.
To find solutions depending on more than one coordinate, we have to impose further condi-
tions on the background fields. Let us show, how a number of sufficient conditions, which allow
us to reduce the order of the equations of motion by one, can be obtained.
First of all, we split the index a in such a way that Y r is one of the coordinates Y a, and Y α
are the others. Then we assume that the effective 1-form gauge field Aa can be represented in
the form
Aa = (Ar,Aα) = (Ar, ∂αf), (3.58)
i.e., it is oriented along the coordinate Y r, and the remaining components Aα are pure gauges.
Now, the Eq.(3.56) read
d
dτ
(
GααY˙ α
)2 − Y˙ α∂α (GααU) (3.59)
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+Y˙ α
[
∂α
(Gαα
Grr
)(
GrrY˙ r
)2 − 2Gαα∂α (Ar − ∂rf) Y˙ r
]
+Y˙ α
∑
β 6=α
∂α
(
Gαα
Gββ
)(
GββY˙ β
)2
= 0,
d
dτ
(
GrrY˙ r
)2 − Y˙ r∂r (GrrU) (3.60)
+Y˙ r
∑
α
[
∂r
( Grr
Gαα
)(
GααY˙ α
)2
+ 2Grr∂α (Ar − ∂rf) Y˙ α
]
= 0.
After imposing the conditions
∂α
(Gαα
Gaa
)
= 0, ∂α
(
GrrY˙ r
)2
= 0, (3.61)
the Eq. (3.59) reduce to
d
dτ
(
GααY˙ α
)2 − Y˙ α∂α {Gαα [U + 2 (Ar − ∂rf) Y˙ r]} = 0,
which are solved by
(
GααY˙ α
)2
= Dα
(
Y a6=α
)
+ Gαα
[
U + 2 (Ar − ∂rf) Y˙ r
]
= Eα
(
Y β
)
≥ 0, (3.62)
where Dα, Eα are arbitrary functions of their arguments.
5
To integrate the Eq. (3.60), we impose the condition
∂r
(
GααY˙ α
)2
= 0. (3.63)
After using the second of the conditions (3.61), the condition (3.63), and the already obtained
solution (3.62), the Eq. (3.60) can be recast in the form
d
dτ
[(
GrrY˙ r
)2
+ 2Grr (Ar − ∂rf) Y˙ r
]
= Y˙ r∂r

Grr

(1− nα)(U + 2 (Ar − ∂rf) Y˙ r)−∑
α
Dα
(
Y a6=α
)
Gαα



 ,
where nα is the number of the coordinates Y
α. The solution of this equation, compatible with
(3.62) and with the effective constraint (3.57), is
(
GrrY˙ r
)2
= Grr

(1− nα)U − 2nα (Ar − ∂rf) Y˙ r −∑
α
Dα
(
Y a6=α
)
Gαα

 = Er (Y r) ≥ 0, (3.64)
where Er is again an arbitrary function.
Thus, we succeeded to separate the variables Y˙ a and to obtain the first integrals (3.62),
(3.64) for the equations of motion (3.56), when the conditions (3.58), (3.61), (3.63) on the back-
ground are fulfilled. 6 Further progress is possible, when working with particular background
configurations, having additional symmetries (see, for instance, [60]).
5
Eα = Eα
(
Y
β
)
follows from (3.63).
6An example, when the obtained sufficient conditions are satisfied, is given by the evolution of a tensionless
brane in Kerr space-time. Moreover, in this case, one is able to find the orbit r = r(θ) [82].
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4 Summary and discussion
In this paper we addressed the problem of obtaining explicit exact solutions for probe branes
moving in general string theory backgrounds. We concentrated our attention to the common
properties of the p-branes and Dp-branes dynamics and tried to formulate an approach, which
is effective for different embeddings, for arbitrary worldvolume and space-time dimensions, for
different variable background fields, for tensile and tensionless branes. To achieve this, we
first performed an analysis in Section 2, with the aim to choose brane actions, which are most
appropriate for our purposes.
In Section 3, we formulated the frameworks in which to search for exact probe branes solu-
tions. The guiding idea is the reduction of the brane dynamics to a particle-like one. In view of
the existing practice, we first consider the case of static gauge embedding, which is the mostly
used one in higher dimensions. Then we turn to the more general case of linear embeddings,
which are appropriate for lower dimensions too. After that, we consider the branes dynamics
by using the most general ansatz, allowing for its reduction to particle-like one. The obtained
results reveal one common property in all the cases considered. The effective equations of motion
and one of the constraints, the effective constraint, have the same form independently of the
ansatz used to reduce the p-branes or Dp-branes dynamics. In general, the effective equations
of motion do not coincide with the geodesic ones. The deviation from the geodesic motion is
due to the appearance of effective scalar and 1-form gauge potentials. The same scalar potential
arises in the effective constraint.
In the last part of Section 3, we considered the problem of obtaining explicit exact solutions of
the effective equations of motion and the effective constraint, without using the explicit structure
of the effective potentials.
In the case when the background fields depend on only one coordinate xa = Xa(τ), we show
that these equations can always be integrated and give the probe brane solution in the form
τ = τ(Xa), where τ is the worldvolume temporal parameter. We also give the explicit solutions
for the brane coordinates Xµ in the form Xµ = Xµ(Xa, ξi). They are nontrivial when one uses
the most general ansatz (3.6). 7
In the case when the background fields depend on more than one coordinate, and we fix all
brane coordinates Xa except one, the exact solutions are given by the same expressions as in
the case just considered, if the metric Gab is a diagonal one. In this way, we have realized the
possibility to obtain probe brane solutions as functions of every single one coordinate, on which
the background depends. In the case when none of the brane coordinates is kept fixed, we were
able to find sufficient conditions, which ensure the separation of the variables X˙a = Y˙ a(τ). As
a result, we have found the manifest expressions for na first integrals of the equations of motion,
where na is the number of the brane coordinates Y
a.
In obtaining the solutions described above, it was not taken into account that some restric-
tions on them can arise, depending on the ansatz used and on the type of the branes considered.
As far as we are interested here in the common properties of the probe branes dynamics, we
will not make an exhaustive investigation of all possible peculiarities, which can arise in differ-
ent particular cases. Nevertheless, we will consider some specific properties, characterizing the
dynamics of the different type of branes for different embeddings.
We note that in static gauge, the brane coordinates Xa figuring in our solutions, are spatial
ones. This is so, because in this gauge the background temporal coordinate, on which the
background fields can depend, is identified with the worldvolume time τ .
7Let us remind that xµ are the coordinates, on which the background fields do not depend.
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The solutions Xµ(Xa, ξi), given by (3.54) for the p-brane and by (3.55) for the Dp-brane,
depend on the worldvolume parameters (τ, ξi) through the specific combination Λµi
(
λiτ + ξi
)
.
It is interesting to understand if its origin has some physical meaning. To this end, let us
consider the p-branes equations of motion (2.10) and constraints (2.6), (2.7) in the tensionless
limit Tp → 0, when they take the form
gLN
(
∂0 − λi∂i
)(
∂0 − λj∂j
)
XN + ΓL,MN
(
∂0 − λi∂i
)
XM
(
∂0 − λj∂j
)
XN = 0,
gMN
(
∂0 − λi∂i
)
XM
(
∂0 − λj∂j
)
XN = 0,
gMN
(
∂0 − λi∂i
)
XM∂jX
N = 0.
It is easy to check that in D-dimensional space-time, any D arbitrary functions of the type
FM = FM
(
λiτ + ξi
)
solve this system of partial differential equations. Hence, the linear part
of the tensile p-brane and Dp-brane solutions (3.54) and (3.55), is a background independent
solution of the tensionless p-brane equations of motion and constraints.
Let us point out here that by construction, the actions used in our considerations allow for
taking the tensionless limit Tp → 0 (TDp → 0). Moreover, from the explicit form of the obtained
exact probe branes solutions it is clear that the opposite limit Tp →∞ (TDp →∞) can be also
taken.
We have obtained solutions of the probe branes equations of motion and one of the con-
strains, which have the same form for all of the considered cases. Now, let us see how we can
satisfy the other constraints present in the theory. These are p constraints, obtained by varying
the corresponding actions with respect to the Lagrange multipliers λi. For the Dp-brane, we
have p additional constraints, obtained by varying the action with respect to the Lagrange mul-
tipliers κi. Actually, the constraints generated by the λi-multipliers are satisfied. Due to the
conservation of the corresponding momenta, they just restrict the number of the independent
parameters present in the solutions. The only exception is the p-brane in static gauge case,
where the momenta PSGi must be zero. Let us give an example how the problem can be resolved
in a particular situation, which is nevertheless general enough. Let the background metric along
the probe p-brane be a diagonal one. Then from (3.9) and (3.11) it follows that the momenta
PSGi will be identically zero, if we work in the gauge λ
i = 0. In the general case, and this
is also valid for the κi- generated constraints, we have to insert the obtained solution of the
equations of motion into the unresolved constraints. The result will be a number of algebraic
relations between the background fields. If they are not satisfied (on the solution) at least for
some particular values of the free parameters in the solution, it would be fair to say that our
approach does not work properly in this case, and some modification is needed.
Finally, let us say a few words about some possible generalizations of the obtained results.
As is known, the branes charges are restricted up to a sign to be equal to the branes tensions
from the condition for space-time supersymmetry of the corresponding actions. In our compu-
tations, however, the coefficients in front of the background antisymmetric fields do not play
any special role. That is why, to account for nonsupersymmetric probe branes, it is enough to
make the replacements
Tpbp+1 → Qpbp+1, TDpcp+1 → QDpcp+1.
In our Dp-brane action (2.12), we have included only the leading Wess-Zumino term of the
possible Dp-brane couplings. It is easy to see that our results can be generalized to include other
interaction terms just by the replacement
cp+1 → cp+1 + cp−1 ∧ b2 + . . . .
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This is a consequence of the fact that we do not used the explicit form of the background field
cM0...Mp . We have used only its antisymmetry and its independence on part of the background
coordinates.
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